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Abstract
W. Fulton and R. MacPherson have introduced a notion unifying both covariant and contravariant theories, which they called
a Bivariant Theory. A transformation between two bivariant theories is called a Grothendieck transformation. The Grothendieck
transformation induces natural transformations for covariant theories and contravariant theories. In this paper we show some general
uniqueness and existence theorems on Grothendieck transformations associated to given natural transformations of covariant
theories. Our guiding or typical model is MacPherson’s Chern class transformation c∗ : F → H∗. The existence of a corresponding
bivariant Chern class γ : F→ Hwas conjectured byW. Fulton and R. MacPherson, and was proved by J.-P. Brasselet under certain
conditions.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We are honoured to dedicate this paper to Robert MacPherson, who developed the foundations of theories of
characteristic classes of singular spaces like Chern, Todd and L-classes [24,1,15]. Together with Fulton, he created
the field of Bivariant Theory [12], whose main applications are to the study of singular spaces, in particular,
Riemann–Roch type theorems.
Let B be a bivariant theory (as recalled and explained in Section 2). This theory associates to each morphism an
Abelian group B(X
f→ Y ) unifying a covariant theory B∗(X) := B(X → pt) (with pt a point) and a contravariant
theory B∗(X) := B(X idX→ X). Moreover, B is endowed with three basic operations; product, pushforward and pullback
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operations, satisfying some natural axioms. A correspondence γ : B → B′ between two bivariant theories is called
a Grothendieck transformation if it preserves the above three bivariant operations. In particular, specializing the
Grothendieck transformation γ : B → B′ to constant morphisms X → pt and identities idX : X → X , one
gets the natural transformations of the associated covariant and contravariant functors, respectively; γ∗ : B∗ → B′∗
and γ ∗ : B∗ → B′∗.
Our main objective in this paper is the reverse of this process, focusing on the covariant aspect. Suppose that
you have a natural transformation τ : B∗ → B′∗ of two covariant functors coming from bivariant theories B and B′.
The question that we want to deal with is whether there exists a general construction of an associated Grothendieck
transformation γ whose covariant part γ∗ becomes the original natural tansformation τ : B∗ → B′∗.
A typical example or model we have in mind is MacPherson’s Chern class transformation c∗ : F → H∗ in
the complex algebraic context. This is a unique natural transformation from the covariant functor of constructible
functions F to the Borel–Moore homology theory H∗ with integer coefficients, satisfying the normalization that
for a nonsingular variety X , the value c∗(1X ) of the characteristic function 1X is the Poincare´ dual of the
total Chern cohomology class of the tangent bundle T X of X . The existence of such a transformation was
conjectured by Deligne and Grothendieck (cf. (Part II, note (871), p. 361 ff. [16])), motivated by Sullivan’s theory
of Stiefel–Whitney homology classes [34] (also see [25]). This conjecture was solved by MacPherson [24]. Later
Brasselet and Schwartz [8] showed that the MacPherson’s Chern class c∗(1X ) corresponds to the Schwartz class
cS(X) ∈ H∗(M,M \ X) (see [31,32]) by the Alexander duality for X embedded in a smooth complex manifold M .
That is why the total homology class c∗(X) := c∗(1X ) is now called the Chern–Schwartz–MacPherson class of X .
Later on, Kennedy [17] extended MacPherson’s Chern class transformation into the algebraic context over a base
field of characterisic zero to a transformation c∗ : F → A∗, where A∗ is the Chow group. Similarly MacPherson’s
Chern class transformation works for complex analytic varieties, since Kwiecin´ski [21] extended MacPherson’s graph
construction to the complex analytic context.
In [12] Fulton and MacPherson defined the bivariant homology theory H whose associated covariant theory is the
Borel–Moore homology theory. Similarly they introduced a bivariant theory F of constructible functions. They posed
the question of an existence of a Grothendieck transformation γ : F → H whose covariant part is MacPherson’s
Chern class transformation c∗ : F → H∗. Such a Grothendieck transformation is called a bivariant Chern class.
Brasselet [4] showed the existence of a bivariant Chern class under a mild condition, and since then the uniqueness
of such a bivariant Chern class has been an open question. Partial answers have been given to morphisms with smooth
target varieties [46,47,41].
In Section 5 we give a “reasonable uniqueness and existence theorem” not only for a bivariant Chern class, but also
for a suitable general Grothendieck transformation γ which is associated to a natural transformation c∗ : F∗ → H∗
of the two covariant functors obtained from bivariant theories F and H. Here it is required that c∗ commutes with
(bivariant) exterior products and respects the units in F∗(pt) and H∗(pt), since it is necessary for the existence of a
Grothendieck transformation γ such that γ∗ = c∗. But it is not sufficient, as shown in the case when c∗ is MacPherson’s
Chern class transformation and F = sF is the simple bivariant theory of constructible functions (see [40]). To remedy
this, we first find out the biggest bivariant subtheory F˜ of F, on which such a possible Grothendieck transformation γ
can live, as well as a bivariant subtheory PH of H, through which γ has to factorize. But in this generality, we still
cannot show the existence or uniqueness of γ : F˜→ PH. So, we divide out a suitable equivalence relation ∼ on PH
in order to obtain the existence of a unique Grothendieck transformation
γ : F˜→ H˜ := PH/ ∼
whose associated covariant version is
γ∗ = c∗ : F∗ = F˜∗ → H˜∗ = Im(c∗) ⊂ H∗.
In special cases, ∼ is the identity relation on PH
¯
; thus H˜ ⊂ H. This is related to “strong orientations” in the sense
of Fulton–MacPherson, as we explain in Section 3. The equivalence relation ∼ identifies elements inducing the
same “Gysin homomorphism” (under all pullbacks). Here we note that only these Gysin homomorphisms are really
important in many applications of the bivariant formalism (e.g., the corresponding Verdier–Riemann–Roch theorems),
as recalled and explained in Section 4. The final section explains our construction from the slightly weaker viewpoint
of “operational bivariant theories”.
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2. Bivariant theories
For a general reference to bivariant theory, see the book by Fulton and MacPherson [12].
Let C be a category which has a final object pt , and on which the fiber product is well-defined together with a
class of independent squares and confined maps as in [12]. A bivariant theory B on the category C with values in the
category of Abelian groups is an assignment to each morphism
X
f→ Y
in the category C an Abelian group
B(X
f→ Y )
which is equipped with the following three basic operations:
Product operations: For morphisms f : X → Y and g : Y → Z , the product operation
• : B(X f→ Y )⊗ B(Y g→ Z) → B(X g f→ Z)
is defined.
Pushforward operations: For morphisms f : X → Y and g : Y → Z with f confined, the pushforward operation
f∗ : B(X g f→ Z) → B(Y g→ Z)
is defined.
Pullback operations: For an independent square (which we assume to be Cartesian)
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y,
the pullback operation
g∗ : B(X f→ Y ) → B(X ′ f
′
→ Y ′)
is defined.
These three operations are required to satisfy the following seven natural compatibility axioms (see [12, Part I,
Section 2.2] for details):
(B-1) product is associative,
(B-2) pushforward is functorial,
(B-3) pullback is functorial,
(B-4) product and pushforward commute,
(B-5) product and pullback commute,
(B-6) pushforward and pullback commute, and
(B-7) projection formula.
B∗(X) := B(X → pt) becomes a covariant functor for confined maps, and B∗(X) := B(X id→ X) becomes a
contravariant functor.
Let B,B′ be two bivariant theories on two such categories C and C′. Let − : C → C′ be a functor respecting the
underlying structures, which we denote by f . Then a Grothendieck transformation from B to B′
γ : B→ B′
is a collection of homomorphisms
γ f : B(X f→ Y ) → B′(X f→ Y )
for a morphism X
f→ Y in the category C, which preserves the above three basic operations.
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Using the target bivariant theory B′ one can define the Abelian group
B′′(X f→ Y ) := B′(X f→ Y ).
Then B′′ becomes a bivariant theory on the category C with the obvious bivariant operations. The above Grothendieck
transformation γ : B → B′ factors uniquely through the tautological Grothendieck transformation γ taut : B → B′′.
So, for the discussion of the existence or uniqueness of a suitable Grothendieck transformation, it suffices to work out
the case when − : C → C′ is the identity id : C → C, which we consider from now on in the rest of the paper.
One motivation of Fulton–MacPherson’s Bivariant Theory was to unify different Riemann–Roch theorems (see [12,
Section 0 Introduction, Part II]). They introduced, in the complex algebraic geometry context, a bivariant theory K
of perfect complexes, as already studied by Grothendieck in [33], with K∗(X) = K 0(X) the Grothendieck group of
locally free coherent sheaves and K∗(X) = K0(X) the Grothendieck group of coherent sheaves on X . Moreover they
constructed a Grothendieck transformation τ : K → HQ to the bivariant homology theory with rational coefficients,
with
τ ∗ = ch : K 0(X) → H∗(X;Q)
the Chern character and
τ∗ = td∗ : K0(X) → HBM∗ (X;Q)
as the Baum–Fulton–MacPherson’s Todd class transformation [1]. They even constructed a bivariant transformation
α : K→ Ktop
to their bivariant topological K -theory [12, Section 1.4, Part II, p.133].
Another important example for us is the theory of constructible functions. Let X be a complex analytic (algebraic)
set and let F(X) denote the Abelian group of all the complex analytically (algebraically) constructible functions on
X . The association X 7−→ F(X) becomes a contravariant functor with the usual functional pullback. Moreover, for
proper morphisms (which are confined maps in this context), it also becomes a covariant functor with the pushforward
f∗ defined by taking the weighted Euler–Poincare´ characteristics χ fiberwise in the following sense: For f : X → Y
and α ∈ F(X)
f∗(α)(y) = χ( f −1(y);α)
where
χ(A;α) =
∑
n∈Z
nχ(A ∩ α−1(n))
for A ⊂ X .
Furthermore, this becomes a bivariant theory as follows: For any morphism f : X → Y , the group sF(X → Y ) is
defined by
sF(X
f→ Y ) := F(X)
and the three operations are defined as follows:
(i) the product operation
• : sF(X f→ Y )⊗ sF(Y g→ Z) → sF(X g f→ Z)
is defined by:
α • β := α · f ∗β.
(ii) the pushforward operation for f proper
f∗ : sF(X g f→ Z) → sF(Y g→ Z)
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is the pushforward
f∗ : F(X) → F(Y ).
(iii) For a fiber square (which by definition is an independent square in this context)
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y,
the pullback operation
g∗ : sF(X f→ Y ) → sF(X ′ f
′
→ Y ′)
is the pullback
g′∗ : F(X) → F(X ′).
Then sF becomes a bivariant theory, and shall be called a simple bivariant theory of constructible functions ([28,
40]). A similar calculus of constructible functions can be introduced in the algebraic context over a base field of
characteristic zero using, for example, constructible sheaves as in [29].
Although we have the bivariant versions sF and H of constructible functions and homology groups, it turns out
that for a simple reason, there exists no Grothendieck transformation γ : sF→ H which specializes to MacPherson’s
Chern class transformation c∗ : F → H∗ (e.g., see [40]). One reason is that the simple bivariant group sF is too
large to get a bivariant version of c∗. To get a bivariant Chern class, bivariant constructible functions should have
more geometric or topological requirements coming from morphisms. R. MacPherson came up with a reasonable
requirement to be posed for bivariant constructible functions. Here is what we call Fulton–MacPherson’s bivariant
theory F of constructible functions, which is much more subtle and requires some strong geometric or topological
conditions on constructible functions. For a morphism f : X → Y , the bivariant theory F(X f→ Y ) of constructible
functions consists of all the constructible functions on X which satisfy the local Euler condition with respect to f ,
i.e., the condition that for any point x ∈ X and for any local embedding (X, x) → (CN , 0), the following equality
holds
α(x) = χ(B ∩ f −1(z);α),
where B is a sufficiently small open ball of the origin 0 with radius  and z is any point close to f (x) (see [4,12,26]).
If 1 f := 1X satisfies the local Euler condition with respect to f , then f is called an Euler morphism. For example,
fibrations are Euler. The three operations on F are the same as in sF, i.e., F is a bivariant subtheory of sF = F . Note
that F∗(X) = F(X), and F∗(X) consists of all locally constant functions. Compared to the bivariant Riemann–Roch
transformation τ , the contravariant part of F is not as interesting as the covariant part. This is one of the reasons why
we focus on the covariant aspect.
A similar definition of a bivariant theory Fmod 2 works in the context of PL-geometry, using PL-constructible
functions taking values in Z2 (see [12, Section 6.1, Part I]). Note that 1X for X → pt is Euler if and only if
X is a so-called mod 2 Euler space. In this case Sullivan has introduced the Stiefel–Whitney homology classes
w∗(X) ∈ HBM∗ (X;Z2) for X (see [34]). This was extended to a Grothendieck transformation
ω : Fmod 2 → HZ2
to the bivariant homology with Z2 coefficients [12, Section 6, Part I]. Here we call ω a bivariant Stiefel–Whitney class.
Motivated by this result, Fulton and MacPherson asked for the existence of a similar bivariant Chern class
γ : F→ H [12, Section 10.4, Part I].
For the existence of such a bivariant Chern class (under some mild restrictions), we recall the following theorem
due to Brasselet [4]:
Theorem 2.1. For the category of embeddable analytic varieties with cellular morphisms, there exists a bivariant
Chern class γ : F→ H.
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Remark 2.2. A map f : X → Y is called cellular if there exist cellular decompositions (K ) and (L) of X and Y ,
respectively, such that (i) the image of each cell of (K ) is a cell of (L); and (ii) the restriction of f to the interior of
each cell is submersive. Any analytic map is “conjecturally” cellular, and no counterexample has been found so far.
For example, it follows from a result of Teissier [35] that an analytic map to a smooth curve is cellular (see [46, 2.2.5
Lemme]).
3. Strong orientations and the uniqueness of bivariant Riemann–Roch transformations
Since a Grothendieck transformation γ can be seen as an extension of the covariant part γ∗, one can ask for the
uniqueness of such an extension (cf. [12, Section 10.9, Part I]).
A guiding example is the bivariant Stiefel–Whitney class ω mentioned before, which is uniquely determined by
the normalization that
ω(1X ) = w(T X) ∩ [X ]
for a manifold X with w(T X) the Stiefel–Whitney cohomology class of the tangent (micro-) bundle T X and [X ] the
fundamental class of X . This uniqueness was proved by Fulton and MacPherson [12, Section 6.4, Part I], but one key
argument works only for the PL-context. So, this part of their argument does not apply to the case of MacPherson’s
Chern class transformation c∗ : F → H∗.
Zhou [46] (also see [47]) showed that the bivariant Chern class constructed by Brasselet and another bivariant Chern
class constructed by Sabbah [26] (in special cases) are identical for morphisms whose target varieties are nonsingular
curves. Furthermore the third author [41] generalized Zhou’s result to a more general uniqueness theorem of bivariant
Chern classes for morphisms whose target varieties are nonsingular and of any dimension. More precisely, if there
exists a bivariant Chern class γ : F → H, then for a morphism f : X → Y with a nonsingular variety Y and for a
bivariant constructible function α ∈ F(X → Y ), the bivariant Chern class γ (α) of α is expressed as
γ (α) = f ∗s(TY ) ∩ c∗(α)
where s(TY ) = c(TY )−1 is the inverse of the total Chern class of the tangent bundle TY , called the Segre class of
the tangent bundle.
This “twisted” Chern–Schwartz–MacPherson class was already implicitly introduced by Ginzburg [13,14]; we call
it Ginzburg’s Chern class. This uniqueness theorem was further extended to a bit more general theorem in [6,28]; the
target varieties of morphisms can be singular, but “homologically” still nonsingular in a sense. In this section, we give
a quick review (without proof) of some results of our previous work [6,28].
Remark 3.1. In [42–45], we studied how to conversely capture Ginzburg’s Chern class as a bivariant Chern class,
i.e., a Grothendieck transformation; this more formal or abstract approach was generalized in [28], and also led us to
a general uniqueness theorem on Grothendieck transformations discussed in Section 5 below.
Definition 3.2 ([12, 2.6.1 Definition, Part I]). An element θ ∈ B(X f→ Y ) is called a strong orientation for the
morphism f : X → Y if, for all morphisms h : W → X , the homomorphism
B(W h→ X) •θ→B(W f ◦h→ Y )
is an isomorphism. If the morphism f has a strong orientation in the bivariant group B(X
f→ Y ), it is said to be strongly
orientable with respect to the bivariant theory B.
Example 3.3. (1) (Cf. [12, Examples, p. 27]) A smooth morphism in algebraic geometry has a strong orientation for
the bivariant K -theoryK, and for the operational bivariant Chow theory of Fulton–MacPherson A ([12, Section 9,
Part I] and [11]).
An oriented smooth morphism in topology has a strong orientation for a bivariant homology like H or Ktop.
In particular, the fundamental class [X ] ∈ B∗(X) of an (oriented) manifold X is a strong orientation in the case
when B is as above.
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(2) (Cf. [6]) Let R be a Noetherian ring, and let Y be a complex variety, which is an R-homology manifold (cf. [3]).
Then its fundamental class
[Y ] ∈ HBM∗ (Y ; R) ∼= H−∗(Y c→ pt)⊗ R
is a strong orientation with respect to the bivariant homology with coefficients in R.
(3) (Cf. [6]) Let Y be an algebraic variety over a base field k of characteristic zero, which is an Alexander variety in
the sense of [19,36,37]. Then its fundamental class [Y ] ∈ A∗(Y ) ⊗ Q is a strong orientation with respect to the
operational bivariant Chow theory with rational coefficients.
All the Grothendieck transformations constructed in [12] extend simple functors on the corresponding contravariant
functors, but there are few uniqueness theorems available (see [12, Section 10.9]). However, the appeal to strong
orientations gives us the following uniqueness theorem ([6,28]):
Proposition 3.4. Let γ : B→ B′ be a Grothendieck transformation. Let g : Y → Z be a morphism such that
γ : B(? → Z) → B′(? → Z)
is uniquely determined. Assume that there exists a bivariant element eg ∈ B(Y g→ Z) such that γg(eg) ∈ B′(Y g→ Z)
is a strong orientation for the morphism g. Then the homomorphsim
γ : B(? → Y ) → B′(? → Y )
is uniquely determined for any morphism whose target object is Y .
In what follows, the object Z is a point, and the fundamental class [Y ] ∈ B∗(Y ) is a strong orientation as in
the above Example 3.3. Let γ∗ be a characteristic class transformation satisfying a normalization condition that
γ ∗(Y ) ∈ B∗(Y ) defined by
γ∗(Y ) := γ∗(eY ) = γ ∗(Y ) ∩ [Y ]
is a unit in B∗(Y ) for a suitable eY ∈ B∗(Y ). Then γ∗(Y ) is also a strong orientation. In the following example, this
will be, in particular, the case for Y smooth with γ ∗(Y ) a characteristic class of TY . Moreover, in all these cases,
γ∗ is unique by resolution of singularities and the normalization condition. So we get the following results with R a
Noetherian ring and the notion of Alexander variety in the sense of [19,36,37] as before.
Corollary 3.5. (1) A bivariant Chern class γ : F → HR to the bivariant homology with coefficients in R is unique
on morphisms f : X → Y with Y an R-homology manifold.
(2) A bivariant Chern class γ : F → AQ to the operational bivariant Chow group with Q coefficients is unique on
morphisms f : X → Y , with Y an Alexander variety over a base field of characteristic zero.
(3) The Grothendieck transformation
τ : K→ HQ
constructed in [12, Part II] is unique on morphisms whose target varieties are rational homology manifolds.
(4) The Grothendieck transformation
α : K→ Ktop
constructed in [12, Part II] is unique on morphisms whose target varieties are nonsingular.
(5) Fulton–MacPherson’s bivariant (intersection) Riemann–Roch transformation τ : K → AQ constructed in [11,
Example 18.3.16] is unique for morphisms f : X → Y with Y an Alexander variety over a base field of
characteristic zero.
Here we take eY = 1Y ∈ F(Y ) in (1), (2) and eY = [OY ] ∈ K0(Y ) in (3)–(5).
Moreover, in all these cases one has an explicit description of “Ginzburg’s Chern class type” for these bivariant
characteristic classes (cf. [6,28]).
Using the uniqueness in the case when the base variety is smooth (hence Alexander), and using Chow
envelopes [11] and Kimura [18], we can get the following theorem (cf. [9,10] for another proof of (1) without using
Chow envelopes).
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Theorem 3.6. (1) If there exists a bivariant Chern class γ : F → A with values in the bivariant intersection theory
A, then it is unique.
(2) Fulton–MacPherson’s bivariant (intersection) Riemann–Roch transformation τ : K → AQ constructed in [11,
Example 18.3.16] is unique in characteristic zero.
4. Orientations and Gysin homomorphisms
For motivating the construction in the next section, we recall the notion of Gysin homomorphisms in the bivariant
context. We focus completely on the covariant part of the bivariant theory, which is the one relevant to theories of
characteristic classes of singular spaces.
Definition 4.1 ([12, Section 2.5, Part I]). Let B be a bivariant theory on a category C with θ ∈ B(X f→ Y ). The
induced map
θ∗ : B∗(Y ) → B∗(X); θ∗(α) := θ • α
is called the Gysin homomorphism associated to the bivariant element θ .
From the axioms of the bivariant theory, one gets the following properties of these Gysin homomorphisms (see [12,
p. 26]):
(G-1) Functoriality. Let θ ∈ B(X f→ Y ) and θ ′ ∈ B(Y g→ Z). Then
(θ • θ ′)∗ = θ∗ ◦ θ ′∗ : B∗(Z) → B∗(X).
(G-2) Pullback. Consider an independent square
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y,
with θ ∈ B(X f→ Y ) and θ ′ := g∗(θ) ∈ B(X ′ f
′
→ Y ′). Then
g′∗ ◦ θ ′∗ = θ∗ ◦ g∗ : B∗(Y ′) → B∗(X).
(G-3) Pushforward. Consider two morphisms X
f→ Y g→ Z with f confined. Let θ ∈ B(X g◦ f→ Z). Then
( f∗(θ))∗ = f∗ ◦ θ∗ : B∗(Z) → B∗(Y ).
Since a Grothendieck transformation γ : B → B′ commutes with all bivariant operations, it also commutes with
the Gysin homomorphism preserving the above three formulae. For example, the Verdier-type Riemann–Roch formula
associated to the bivariant element θ ∈ B(X f→ Y ):
B∗(Y )
γ∗−−−−→ Im(γ∗)(Y ) −−−−→ B′∗(Y )
θ∗
y yγ (θ)∗ yγ (θ)∗
B∗(X)
γ∗−−−−→ Im(γ∗)(X) −−−−→ B′∗(X)
(4.1)
follows from the fact that γ commutes with the bivariant product. Here Im(γ∗)(X) := Image(γ∗ : B∗(X) → B′∗(X)).
In most applications, the Gysin homomorphisms are associated to some canonical bivariant elements in the
following sense:
Definition 4.2 ([12, 2.6.2 Definition, Part I]). Let S be a class of maps in C, closed under compositions and containing
all identity maps. Suppose that to each f : X → Y in S, there is assigned an element θ( f ) ∈ B(X f→ Y ) satisfying
that
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(i) θ(g ◦ f ) = θ( f ) • θ(g) for all f : X → Y, g : Y → Z ∈ S and
(ii) θ(idX ) = 1X for all X with 1X ∈ B∗(X) the unit element.
Then θ( f ) is called a canonical orientation of f , and the corresponding Gysin homomorphism θ( f )∗ is denoted
simply by f !.
Example 4.3 (see [12, Section 2.6, Part I]). The following morphisms have canonical orientations:
1. Local complete intersection morphisms, e.g., smooth morphisms, in the context of bivariant intersection theory A,
i.e., the operational bivariant Chow group theory.
2. Morphisms of finite Tor dimension, e.g., local complete intersection morphisms, in the context of bivariant
algebraic K -theory K.
3. Oriented smooth morphisms in the bivariant homology theories like the bivariant homology theory H and the
bivariant topological K -theory Ktop.
4. Euler morphisms in the bivariant theory F of constructible functions.
If a constant map Y → pt has a canonical orientation θY ∈ B∗(Y ), then one can associate to a Grothendieck
transformation γ : B→ B′ a distinguished element
γ∗(Y ) := γ∗(θY ) ∈ B′∗(Y ).
For example, in the context of characteristic class transformations on singular spaces, one can take θY = 1Y ∈ F(Y )
or θY = [OY ] ∈ K0(Y ). In addition, consider a morphism f : X → Y which also has a canonical orientation θ f .
Then we get the following formula [12, p. 13]:
γ∗(X) = γ (θ f ) • γ∗(Y ) = γ (θ f )∗(γ∗(Y )), (4.2)
which compares the classes of X and Y .
Grothendieck transformations do not necessarily preserve canonical orientations, and therefore the corresponding
Gysin homomorphisms are relevant. Important problems are related to comparing them in the following way for
f : X → Y :
γ (θB( f )) = u f • θB′( f )
for some distinguished element u f ∈ B′∗(Y ). Then the commutative diagram (4.1) takes the form of so-called
“Verdier–Riemann–Roch” ([12, p. 11 and p. 31]):
B∗(Y )
γ∗−−−−→ Im(γ∗)(Y ) −−−−→ B′∗(Y )
f !
y yu f • f ! yu f • f !
B∗(X)
γ∗−−−−→ Im(γ∗)(X) −−−−→ B′∗(X).
(4.3)
5. The existence and uniqueness of Grothendieck transformations associated to natural transformations of
covariant functors
We still do not know how to prove or disprove the looked-for uniqueness theorem of a bivariant Chern class
γ : F → H for arbitrary morphisms X → Y with no extra condition (such as “homologically smooth”) on the
target varieties Y . In the rest of the paper, we consider the uniqueness problem of bivariant Chern classes, and more
generally of Grothendieck transformations for arbitrary morphisms X → Y , in a completely different approach.
MacPherson’s approach is to try to find a smaller and reasonable bivariant subtheory F of the simple bivariant
theory sF, considering quite subtle geometric or topological conditions to be required on constructible functions; in
this sense it is quite a direct and more geometric approach. However our approach is more “formal”, and works without
looking at specific geometric or topological aspects. This formal approach turns out to be effective for any bivariant
theories. Here we would like to cite the following phrases from [12, p. 15]: “No formalism can prove theorems or make
hard mathematics easy. A formalism can, however, be a powerful organizational tool, leading one to good questions,
unifying scattered results, making proofs efficient, and clarifying ideas”.
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In this section, we show that in a sense there does exist a unique bivariant Chern class specializing to the original
MacPherson’s Chern class transformation c∗ : F → H∗ for morphisms to a point. Even if we are mainly interested
in bivariant Chern classes in this paper, the following constructions apply in the same way to a much more general
bivariant context.
In this section, we consider a natural transformation
c∗ : F(X) = F(X → pt) → H(X → pt) = H∗(X)
of two covariant theories associated to the bivariant theories F and H. We assume that c∗ commutes with the induced
exterior products, and that c∗ maps the unit 1pt ∈ F(pt) to the unit 1pt ∈ H∗(pt). Note that the commutativity with
the exterior product is a necessary property for c∗ to be extended to a Grothendieck transformation.
As our guiding example, for F we take the simple bivariant theory of constructible functions, for H we take the
bivariant homology theory, and for c∗ we take MacPherson’s Chern class transformation. For the multiplicativity of
c∗ see [20] (cf. [22]).
Other more recent examples [5,7] (also see [30]) are our Hirzebruch class transformation
Ty∗ : K0(V/X) → HBM∗ (X;Q)[y]
and motivic Chern class transformation
mC∗ : K0(V/X) → K0(X)[y].
Here K0(V/X) is the so-called relative Grothendieck group of complex algebraic varieties over X [23,2]. This
theory of relative Grothendieck groups has the same calculus as constructible functions, in particular, one also has
a corresponding simple bivariant theory sK0. Note that the Hirzebruch class transformation Ty∗ unifies, in a sense,
the Chern, Todd and L-class transformations of singular spaces as asked in MacPherson’s survey article [25] (also
see [38]).
For the sake of later use, we introduce a terminology. If there exists a unique Grothendieck transformation
γ : F → H specializing to the given natural transformations for morphisms to a point, then for a bivariant element
α ∈ F(X → Y ) the bivariant class γ (α) ∈ H(X → Y ) shall be provisionally called a bivariant c∗-class of α, in order
to emphasize the point that it is associated to the natural transformation c∗.
Definition 5.1. We define
F˜(X
f→ Y )
to be the set consisting of all α ∈ F(X f→ Y ) satisfying the following condition: there exists a bivariant class
Bα ∈ H(X f→ Y ) such that for any base change g : Y ′ → Y of an independent square
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y,
and for any β ′ ∈ F(Y ′), the following equality holds:
c∗(g∗α • β ′) = g∗Bα • c∗(β ′).
Remark 5.2. If there is a Grothendieck transformation γ : F′ → H on a subtheory F′ of F which extends c∗, then F′
is a subtheory of F˜.
Such a bivariant class Bα could be defined to be a bivariant c∗-class of α and denoted by γ (α) or γ c∗(α) with
emphasis on c∗. However there seems to be no way to show the uniqueness of such a bivariant class Bα only from
the above requirement. A possible non-uniqueness implies, for example, that the equality γ (α • β) = γ (α) • γ (β)
does not necessarily hold. Thus Bα cannot be called a bivariant c∗-class of α. However, since one of them has to be
a right one if such a Grothendeick transformation γ : F → H does exist, and since all such are just candidates for a
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correct bivariant c∗-class of α, we provisionally call the bivariant class Bα a pseudo-bivariant c∗-class of α. If c∗ is
an explicit one, then we would give it an explicit name, e.g., if it is the MacPherson’s Chern class transformation, then
we call it a pseudo-bivariant Chern class of α.
Theorem 5.3. The above F˜ is a bivariant theory. Furthermore F˜(X → pt) = F(X).
Proof. The proof of the second statement follows from the fact that c∗ : F → H∗ commutes with the cross product
×. Indeed, consider the fiber square
X ′ g
′
−−−−→ X
f ′
y y
Y ′ g−−−−→ pt.
Then, for any α ∈ F(X) and for any β ′ ∈ F(Y ′), the following holds:
c∗(g∗α • β ′) = c∗(α × β ′)
= c∗(α)× c∗(β ′)
= g∗(c∗(α)) • c∗(β ′).
Hence, we can take c∗(α) for Bα .
For the first statement, it suffices to show that the three operations are well-defined, i.e., that the above imposed
condition is preserved under the three operations.
(i) the product operation is well-defined: Let α ∈ F˜(X f→ Y ) and β ∈ F˜(Y g→ Z). For a base change h : Z ′ → Z ,
consider the following independent squares:
X ′ h
′′−−−−→ X
f ′
y y f
Y ′ h
′−−−−→ Y
g′
y yg
Z ′ h−−−−→ Z .
(5.2.1)
α ∈ F˜(X f→ Y ) implies that there exists a class Bα ∈ H(X f→ Y ) such that for any β ′ ∈ F(Y ′)
c∗(h′∗α • β ′) = h′∗Bα • c∗(β ′) (5.2.2)
and β ∈ F˜(Y g→ Z) implies that there exists a class Bβ ∈ H(Y g→ Z) such that for any δ′ ∈ F(Z ′)
c∗(h∗β • δ′) = h∗Bβ • c∗(δ′).
Since h∗β • δ′ ∈ F(Y ′), it follows from (5.2.2) that we get
c∗
(
h′∗α • (h∗β • δ′)) = h′∗Bα • c∗(h∗β • δ′)
= h′∗Bα •
(
h∗Bβ • c∗(δ′)
)
.
Since h′∗α • (h∗β • δ′) = (h′∗α • h∗β) • δ′ = h∗(α • β) • δ′, we get that
c∗
(
h∗(α • β) • δ′) = (h′∗Bα • h∗Bβ) • c∗(δ′)
= h∗(Bα • Bβ) • c∗(δ′).
Therefore we get that α • β ∈ F˜(X g f→ Z), in other words Bα • Bβ is a pseudo-bivariant c∗-class of α • β.
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(ii) the pushforward operation is well-defined: Consider the independent squares (5.2.1) above with f confined and
let α ∈ F˜(X g f→ Z). Then there exists a bivariant class Bα ∈ H(X g f→ Z) such that for any δ′ ∈ F(Z ′)
c∗(h∗α • δ′) = h∗Bα • c∗(δ′).
From which we get that
f ′∗
(
c∗(h∗α • δ′)
) = f ′∗ (h∗Bα • c∗(δ′)) .
From the naturality of c∗, we get that
f ′∗
(
c∗(h∗α • δ′)
) = c∗ ( f ′∗(h∗α • δ′))
= c∗
(
( f ′∗h∗α) • δ′
)
= c∗
(
h∗( f∗α) • δ′
)
.
Since f ′∗
(
h∗Bα • c∗(δ′)
) = ( f ′∗h∗Bα) • c∗(δ′), we get that
c∗
(
h∗( f∗α) • δ′
) = ( f ′∗h∗Bα) • c∗(δ′)
= h∗( f∗Bα) • c∗(δ′).
Therefore, we get that f∗α ∈ F˜(Y g→ Z) with f∗Bα , being a pseudo-bivariant c∗-class of f∗α.
(iii) the pullback operation is well-defined: Consider the independent squares
X ′′ h
′−−−−→ X ′ g
′
−−−−→ X
f ′′
y y f ′ y f
Y ′′ h−−−−→ Y ′ g−−−−→ Y.
(5.2.3)
Let α ∈ F˜(X f→ Y ). Then, for the base change gh : Y ′′ → Y , there exists a class Bα ∈ H(X f→ Y ) such that for
any β ′′ ∈ F(Y ′′)
c∗
(
(gh)∗α • β ′′) = (gh)∗Bα • c∗(β ′′),
which can be written as
c∗
(
h∗(g∗α) • β ′′) = h∗(g∗Bα) • c∗(β ′′).
Therefore, we get that g∗α ∈ F˜(X ′ f
′
→ Y ′) with g∗Bα being a pseudo-bivariant c∗-class of g∗α. 
Let us illustrate this construction in our guiding case of MacPherson’s Chern class transformation.
Example 5.4. Let f : X → Y be a smooth morphism of possibly singular varieties. Then we have
1 f = 1X ∈ F˜(X f→ Y )
with c∗(T f )• [ f ] being a pseudo-bivariant Chern class of 1X . Here, T f is the vector bundle of tangent spaces of fibers
of f and [ f ] ∈ H(X f→ Y ) is the canonical orientation of the smooth morphism f .
Indeed, consider the following fiber squares:
X ′ −−−−→ X
id
y yid
X ′ −−−−→ X
f ′
y y f
Y ′ g−−−−→ Y.
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Then, for any β ′ ∈ F(Y ′), we have
c∗(g∗1X • β ′) = c∗(1X ′ • β ′)
= c∗( f ′∗β ′)
= c(T f ′) ∩ f ′!c∗(β ′)
= c(T f ′) • [ f ′] • c∗(β ′)
= g∗c(T f ) • g∗[ f ] • c∗(β ′)
= g∗ (c(T f ) • [ f ]) • c∗(β ′).
The third equality above follows from the so-called Verdier–Riemann–Roch theorem for Chern class [12,27,39].
Remark 5.5. (1) Let f : X → Y be a cellular morphism of complex varieties embeddable into complex manifolds.
Then F(X
f→ Y ) ⊂ F˜(X f→ Y ) by Theorem 2.1 (if we consider only such embeddable varieties).
(2) Let f : X → Y be any morphism with Y being nonsingular. Then we will show in a future paper that
F(X
f→ Y ) ⊂ F˜(X f→ Y ), based on the generalized Verdier–Riemann–Roch theorem for Chern class [27].
(3) The same argument as in the above example applies in the “motivic context” to
1 f = [X idX−→ X ] ∈ K0(V/X) =: sK0(X f→ Y )
for a smooth morphism f , if we use the Hirzebruch class transformation Ty∗, or the motivic Chern class
transformation mC∗. This time, we use the corresponding Verdier–Riemann–Roch theorem proved in [5].
For applications of our results, one is required to find elements in F˜, but one cannot use purely formal arguments
for this; instead one has to think of more geometric or topological aspects for each specific situation of the
given transformation c∗. But in any case, our construction reduces the existence of such a (unique) Grothendieck
transformation γ extending the given c∗ to this question.
Let us now come back to the general bivariant context. Suppose that α ∈ F˜(X → Y ). Then there exists a class
Bα ∈ H(X → Y ) such that for any base change g : Y ′ → Y of an independent square
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y
and for any β ′ ∈ F(Y ′), the following holds
c∗(g∗α • β) = g∗Bα • c∗(β ′).
Here again we emphasize that the bivariant class Bα might not be uniquely determined. And as we saw in the previous
sections, in some cases it is surely uniquely determined, but in general we still do not know if it is the case. So, to
remedy this unpleasant possible non-uniqueness of the bivariant class Bα , we set
PH(X
f→ Y ) := {B ∈ H(X f→ Y )|B is a pseudo-bivariant c∗-class of some α ∈ F˜(X f→ Y )}
as the set of all pseudo-bivariant c∗-classes for the morphism f : X → Y . It is clear that PH is a bivariant subtheory
of H, i.e, it is stable under the three bivariant operations, which can be seen from the proof of Theorem 5.3.
Then we define
H˜(X
f→ Y ) := PH(X f→ Y )/ ∼
where the relation ∼ is defined by
B ∼ B ′ ⇐⇒ g∗B • c∗(β ′) = g∗B ′ • c∗(β ′) (5.3)
for all independent squares with g : Y ′ → Y and all β ′ ∈ F(Y ′).
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Remark 5.6. As explained in Section 4, as long as one considers only the covariant part, only aspects related to
calculations involving Gysin homomorphisms can be seen from the more general bivariant context of Grothendieck
transformations. So these Gysin homomorphisms g∗B• are important, but not the underlying element B. Our
equivalence relation (5.3) exactly identifies the elements B and B ′ which induce the same Gysin homomorphisms on
the image theory Im(c∗), corresponding to the case when g = idY . More precisely, we require this property under all
possible pullbacks, since this is needed in the property (G-2). Note that in all applications of Gysin homomorphisms
as outlined in Section 4, e.g., comparison results like (4.2) or Verdier–Riemann–Roch like (4.3), only the image
subtheory Im(c∗) is needed.
We note that if there exists eY ∈ F(Y ) such that c∗(eY ) is a strong orientation, then the equivalence relation ∼ on
PH(X → Y ) is the identity relation. In particular, this is the case for Y = pt as the final object, since c∗ preserves the
corresponding units by assumption.
Certainly the relation∼ is an equivalence relation. In other words, with this identification we want to make possibly
many pseudo-bivariant c∗-classes into one unique bivariant c∗-class. Indeed we have
Theorem 5.7. H˜(X
f→ Y ) is an Abelian group and H˜ is a bivariant theory with the canonical operations induced
from those of H. Furthermore we have
H˜(X → pt) = Image(c∗ : F(X) → H∗(X)).
Proof. Let us denote the equivalence class of B ∈ PH(X → Y ) by [B].
It is easy to see that H˜(X
f→ Y ) is an Abelian group, because the definition of the sum [B1] + [B2] := [B1 + B2]
is well defined. Indeed, suppose that B1 ∼ B ′1 and B2 ∼ B ′2, i.e.,
g∗B1 • c∗(β ′) = g∗B ′1 • c∗(β ′), g∗B2 • c∗(β ′) = g∗B ′2 • c∗(β ′)
for any g : Y ′ → Y and for any β ′ ∈ F(Y ′). Then it is obvious that
g∗(B1 + B2) • c∗(β ′) = g∗(B ′1 + B ′2) • c∗(β ′).
Thus, we get that (B1 + B2) ∼ (B ′1 + B ′2).
Now let us see that H˜ is a bivariant theory with the canonical operations induced from those of H. Define the
product
•˜ : H˜(X f→ Y )⊗ H˜(Y g→ Z) → H˜(X g f→ Z)
by
[B1 ]˜•[B2] := [B1 • B2].
The well definedness of the product, i.e, that B1 ∼ B ′1 and B2 ∼ B ′2 imply B1 • B2 ∼ B ′1 • B ′2, can be seen as follows
(cf. the proof of Theorem 5.3(i)):
h∗(B1 • B2) • c∗(δ′) =
(
h′∗B1 • h∗B2
) • c∗(δ′)
= h′∗B1 •
(
h∗B2 • c∗(δ′)
)
= h′∗B1 •
(
h∗B ′2 • c∗(δ′)
)
= h′∗B ′1 •
(
h∗B ′2 • c∗(δ′)
)
= (h′∗B ′1 • h∗B ′2) • c∗(δ′)
= h∗(B ′1 • B ′2) • c∗(δ′).
In the fourth equality above, we use the equivalence relation B1 ∼ B ′1, since B ′2 is a pseudo-bivariant c∗-class, so that
h∗B ′2 • c∗(δ′) = c∗(δ′′) for some δ′′ ∈ F(Y ′).
The well-definedness of the pushforward (for f confined)
f? : H˜(X g f→ Z) → H˜(Y g→ Z) defined by f?[B] := [ f∗B],
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i.e., that B ∼ B ′ implies f∗B ∼ f∗B ′, can be seen as follows. We use the diagram equation (5.2.1) above. B ∼ B ′
means that h∗B • c∗(δ′) = h∗B ′ • c∗(δ′) for any h : Z ′ → Z , and for any δ′ ∈ F(Z ′). Then we have
h∗( f∗B) • c∗(δ′) = f ′∗(h∗B) • c∗(δ′)
= f ′∗
(
h∗B • c∗(δ′)
)
= f ′∗
(
h∗B ′ • c∗(δ′)
)
= f ′∗(h∗B ′) • c∗(δ′)
= h∗( f∗B ′) • c∗(δ′).
Therefore we get that f∗B ∼ f∗B ′.
The pullback
g? : H˜(X f→ Y ) → H˜(X ′ f
′
→ Y )
is defined by
g?[B] := [g∗B].
Its well definedness can be seen as follows. Consider the diagram (5.2.3). We want to show that B ∼ B ′ implies
g∗B ∼ g∗B ′. Let h : Y ′′ → Y ′ be a base change, and let β ′′ ∈ F(Y ′′). Then, since gh : Y ′′ → Y is a base change of
Y and B ∼ B ′, we have that (gh)∗B • c∗(β ′′) = (gh)∗B ′ • c∗(β ′′). Hence
h∗(g∗B) • c∗(β ′′) = (gh)∗B • c∗(β ′′)
= (gh)∗B ′ • c∗(β ′′)
= h∗(g∗B ′) • c∗(β ′′).
Therefore, we get that g∗B ∼ g∗B ′.
It is left for the reader to show that H˜(X → pt) = Image(c∗ : F(X) → H∗(X)). More precisely, using the
cross-product formula of c∗, one can show that c∗ : F˜(X → pt) = F(X → pt) → PH(X → pt) is surjective and
we already pointed out before that the equivalence relation ∼ on PH(X → pt) is the identity relation. 
Remark 5.8. In his previous paper, [41] the third named author, posed the problem of whether or not there is a
reasonable bivariant homology theory, so that the following “quotient”
c∗(α)
c∗(1Y )
is well defined. The above theory H˜ is, in a sense, a positive answer to this problem.
Now it is easy to see the following
Theorem 5.9. There exists a unique Grothendieck transformation
γ˜ : F˜→ H˜
whose associated covariant transformation is c∗ : F → Im(c∗), where Im(c∗)(X) := Image (c∗ : F(X) → H∗(X)).
Proof. Clearly, the existence follows from defining γ˜ : F˜(X → Y ) → H˜(X → Y ) by
γ˜ (α) := [Bα]
where Bα is a pseudo-bivariant c∗-class of α. This is well defined. Indeed, suppose that Bα and B ′α are pseudo-bivariant
c∗-classes of α, which means that for any independent square with base change g : Y ′ → Y , and for any β ′ ∈ F(Y ′)
g∗B ′α • c∗(β ′) = c∗(g∗α • β ′) = g∗Bα • c∗(β ′).
Thus clearly, we get that
g∗Bα • c∗(β ′) = g∗B ′α • c∗(β ′)
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for any independent square with base change g : Y ′ → Y , and for any β ′ ∈ F(Y ′), i.e., Bα ∼ B ′α . Moreover, it follows
from Theorem 5.7 and the proof of Theorem 5.3 that γ˜ is a Grothendieck transformation.
The uniqueness follows from the construction. Indeed, let γ˜ ′ : F˜ → H˜ be a Grothendieck transformation whose
associated covariant transformation is the given c∗. Then, for α ∈ F˜(X → Y ), we have
γ˜ ′(α) = [B ′]
for some pseudo-bivariant c∗-class B ′ ∈ PH(X → Y ) (of some α′ ∈ F˜(X → Y )). Since α ∈ F˜(X → Y ), there
exists a corresponding pseudo-bivariant c∗-class Bα ∈ PH(X → Y ). Using the fact that the equivalence relation ∼
on PH(X → Y ) is the identity relation when Y = pt is a final object, for any base change g : Y ′ → Y and for any
β ′ ∈ F(Y ′), we have
g∗Bα • c∗(β ′) = c∗(g∗α • β ′)
= [c∗(g∗α • β ′)]
= γ˜ ′(g∗α • β ′)
= γ˜ ′(g∗α)˜•γ˜ ′(β ′)
= g?γ˜ ′(α)˜•[c∗(β ′)]
= g?[B ′ ]˜•[c∗(β ′)]
= [g∗B ′ ]˜•[c∗(β ′)]
= [g∗B ′ • c∗(β ′)]
= g∗B ′ • c∗(β ′).
Hence, we get that Bα ∼ B ′, which means that γ˜ (α) = γ˜ ′(α). Thus, the uniqueness follows. 
Remark 5.10. If c∗ : F → H is MacPherson’s Chern class transformation in the above construction, then the
equivalence relation ∼ on PH(X → Y ) is trivial for Y smooth (see Corollary 3.5). So the above theorem can be put
in as follows: there exists a unique Grothendieck transformation
γ˜ : F˜→ H˜
satisfying the normalization condition that for a nonsingular variety X
γ˜ (1X ) = c(T X) ∩ [X ].
Remark 5.11. The above construction gives, in some sense, a positive answer to the general uniqueness problem
of Grothendieck transformations [12, Section 10.9 Uniqueness questions]. Suppose that there is a Grothendieck
transformation γ : F′ → H for a bivariant subtheory F′ of F such that its associated covariant transformation is
the given c∗. Then it is clear from the definition of pseudo-bivariant c∗-classes that the image of γ is containd in the
subtheory PH of H. The Grothendieck transformation γ : F′ → H restricted to PH on the target side shall also be
denoted by γ : F′ → PH. Let ιF : F′ → F˜ be the inclusion transformation, and let q : PH → H˜ = PH/ ∼ be the
quotient transformation. Then the following diagram commutes:
F′ γ−−−−→ PH
ιF
y yq
F˜
γ˜−−−−→ H˜ = PH/∼.
So the existence (or uniqueness) of such a Grothendieck transformation is equivalent to the existence (or uniqueness)
of a “functorial section” of the quotient transformation q : PH → H˜ = PH/∼. This is, clearly, the case if the
equivalence relation ∼ is the identity relation on all the groups PH(X f→ Y ), e.g., as in Theorem 3.6. If ιH : PH→ H
denotes the inclusion transformation, then the composite ιH ◦ γ˜ : F˜ → H˜ ' PH → H is the unique Grothendieck
transformation to H which extends the given covariant transformation c∗ if ∼ is the identity relation. Moreover the
subtheory F˜ of F is the maximal one with this property.
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Remark 5.12. Our construction above works mutatis mutandis for partial bivariant theories in the sense of [28], where
one associates a bivariant group B(X
f→ Y ) only to a suitable class of so-called “allowable maps”. For example, let
us consider only such maps f : X → Y that H∗(Y ) = H(Y → pt) contains a strong orientation in the image of c∗
(as in Section 3). Then the equivalence relation ∼ is the identity relation on PH(X f→ Y ) and the partial Grothendieck
transformation ιH ◦ γ˜ : F˜→ H˜ ' PH→ H reduces exactly to the corresponding transformation constructed in [28,
Theorem (2.1)]. In particular, in the context of MacPherson’s Chern class transformation c∗ with Y being a smooth
(or homology) manifold, we recover the result of [45].
6. A viewpoint from operational bivariant theories
In this final section, we make a few more remarks on our constructions given in the previous section.
If the independent squares are exactly the Cartesian squares in our underlying category C, then we can explain
our previous constructions in the language of the operational bivariant theories. Here we refer to [12] for the general
context of operational bivariant theories (cf. [9,10,40]).
Let B∗ be a covariant functor (or sometimes called a homology theory) on the category C. Then the associated
operational bivariant theoryBop of B∗ is defined as follows. For a morphism f : X → Y , an element c ∈ Bop(X f→ Y )
is defined to be a collection of homomorphisms
c(g) : B∗(Y ′) → B∗(X ′)
for all g : Y ′ → Y and the fiber square
X ′ g
′
−−−−→ X
f ′
y y f
Y ′ g−−−−→ Y
and these homomorphisms {c(g)} are required to be compatible with proper pushforwards in the obvious sense. Then
Bop can be made into a bivariant theory. Note that for the definition of the operational pushforward, one needs the
assumption that the independent squares are exactly the Cartesian squares.
If C has a final object pt and B∗(pt) has a distinguished element 1pt , then the homomorphism
ev : Bop(X → pt) → B∗(X) defined by ev(c) :=
(
c(idpt )
)
(1pt )
is called the evaluation homomorphism as in Section 3.
Let B be a bivariant theory. Then the associated operational bivariant theory of B, denoted also by Bop, is defined
to be the associated operational bivariant theory of the covariant functor B∗(X) := B(X → pt) as above. Then we
have the following canonical Grothendieck transformation
op : B→ Bop
defined by, for each b ∈ B(X → Y ),
op(b) := {(g∗b)• : B∗(Y ′) → B∗(X ′)|g : Y ′ → Y} .
For Y = pt , we get that op(b) is the exterior product with b ∈ B∗(X). In particular, ev ◦ op (of course restricted to
morphisms to the final object pt) is the identity so that the covariant transformation op : B(X → pt) → Bop(X →
pt) is injective.
In our application of operational bivariant theories, the covariant theories B∗, which we treat are H∗(X) = H(X →
pt) and Im(c∗)(X).
Note that in general, (g∗b)• does not preserve the subgroups Im(c∗). But by the definition of PH, this is the case
for a pseudo-bivariant class B ∈ PH(X f→ Y ). Therefore, by restricting op : H→ Hop to PH on the source side and
to (Im(c∗))op on the target side, we get the following Grothendieck transformation
opPH : PH→ (Im(c∗))op .
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Moreover, by the definition of the equivalence relation ∼, we get for B, B ′ ∈ PH(X f→ Y ):
B ∼ B ′ if and only if opPH(B) = opPH(B ′).
Therefore, we get the following injective Grothendieck transformation
o˜pPH : H˜ = PH/ ∼→ (Im(c∗))op ,
which thus identifies H˜ with a subtheory of (Im(c∗))op.
In this way, the Grothendieck transformation γ˜ : F˜ → H˜ of Theorem 5.9 induces also a Grothendieck
transformation
γ˜ op := o˜pPH ◦ γ˜ : F˜→ (Im(c∗))op
such that (restricted to morphisms to the final object) ev ◦ γ˜ op : F → Im(c∗) is the given covariant transformation
c∗ : F → Im(c∗).
The uniqueness of such a Grothendieck transformation γ˜ op follows from the fact that the operation γ˜ op(α)(g) fits
into the following commutative diagram (cf. [9,10,39]):
F(Y ′) g
∗α•−−−−→ F(X ′)
c∗
y yc∗
Im(c∗)(Y ′)
γ˜ op(α)(g)−−−−−→ Im(c∗)(X ′),
whose vertical arrows are surjective. Since o˜pPH is injective and γ˜
op = o˜pPH ◦ γ˜ is unique, it follows that γ˜ is also
unique. Thus we obtain the uniqueness result of Theorem 5.9.
Remark 6.1. Since c∗ commutes by assumption with exterior products, we can apply Theorem A and Theorem 3.10
of [40] to get a Grothendieck transformation γ ∨ : F∨ → (Im(c∗))op for some subtheory F∨ of F. It follows from
Theorem 5.9 that this subtheory F∨ contains our F˜. Note that F˜ could be a strictly proper subgroup of F∨. The possible
difference comes from the fact that γ˜ op : F˜ → (Im(c∗))op factorizes through the subtheory H˜ of (Im(c∗))op so that
the induced operation on Im(c∗) comes from true Gysin homomorphisms of the original theory H. In this sense, our
Grothendieck transformation γ˜ : F˜→ H˜ interpolates between the (biggest) operational Grothendieck transformation
γ ∨ : F∨ → (Im(c∗))op (as in [40, Theorem 3.10]) and a true Grothendieck transformation γ : F′ → H, which may
not exist. Even if γ exists, it may be not unique. But in any case, it fits into the following commutative diagrams of
Grothendieck transformations:
F′ γ−−−−→ PH opPH−−−−→
(
Im(c∗)
)op
ιF
y yq yid
F˜
γ˜−−−−→ H˜ o˜pPH−−−−→
(
Im(c∗)
)op
with o˜pPH ◦ γ˜ : F˜→ (Im(c∗))op being the unique Grothendieck transformation, which factorizes through H˜.
Remark 6.2. In [10], we have constructed a bivariant theory F̂ of constructible functions such that there exists
a unique bivariant Chern class γ̂ : F̂ → A satisfying the normalization condition. If we consider the
Fulton–MacPherson operational bivariant intersection theory A(X → Y ) for H(X → Y ) in Definition 5.1, then
we can also recover this result as a special case of our Theorem 5.9, i.e. F̂ = F˜ with γ̂ being given as the composite
ιH ◦ γ˜ : F˜→ A˜→ A with ιA : A˜→ A being the inclusion as in Remark 5.11, by appealing to the Chow envelope.
The injectivity of ιA : A˜→ A, i.e., that the equivalence relation∼ is the identity relation, follows from the fact (which
was used in Theorem 3.6) that for a “smooth” Chow envelope pi : Y˜ → Y the bivariant pullback
pi∗ : A(X → Y ) → A(X˜ → Y˜ )
is injective. Note that the proof in [10] is more elementary, and the Chow envelopes are not required.
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